I -INTRODUCTION
The i n t e r a c t i o n between e l e c t r o n i c and v i b r a t i o n a l d e g r e e s o f freedom i s o f import a n c e i n many f i e l d s o f s o l i d s t a t e p h y s i c s . It p l a y s a c r u c i a l r o l e i n d e t e r m i n i n g e . g . o p t i c a l and ESR l i n e s h a p e s and t h e i r t e m p e r a t u r e dependence / 1 , 2 / , v i b r a t i on a l r e l a x a t i o n s and n o n -r a d i a t i v e t r a n s i t i o n s / 3 , 4 / , phonon a s s i s t e d t u n n e l i n g p r o c e s s e s / 5 , 6 / a s well a s e n e r g y t r a n s f e r mechanisms o r c h a r g e t r a n s p o r t problems 1 7 ,~.
For t h e t r e a t m e n t o f t h i s kind o f problems many a p p r o x i m a t i o n schemes have been developed 19-121 which a r e v a l i d i n l i m i t i n g c a s e s i n which a p e r t u r b a t i o n a l expans i o n i n powers o f a s m a l l p a r a m e t e r is p o s s i b l e . However, i f a l l r e l e v a n t c o u p l i n g p a r a m e t e r s a r e o f t h e same o r d e r o f magnitude, none o f t h e s e a p p r o x i m a t i o n s can b e used.
R e c e n t l y we have i n v e s t i g a t e d s u c h a s i t u a t i o n f o r an e l e c t r o n i c t w o -l e v e l system which i s coupled t o o n e v i b r a t i o n a l mode. T h i s s i m p l e b u t n o n -t r i v i a l c o u p l i n g was used my many a u t h o r s , e . g . 1 1 3 , 1 4 1 , f o r t h e d i s c u s s i o n o f d i f f e r e n t t h e o r e t i c a l a p p r o a c h e s , s u c h a s s t a t i c and a d i a b a t i c d e c o u p l i n g p r o c e d u r e s o r t r a n s f o r m a t i o n t e c h n i q u e s . R e c e n t l y , f o r s p e c i a l p a r a m e t e r c o m b i n a t i o n s i s o l a t e d e x a c t s o l u t i o n s c o u l d be found by a t r e a t m e n t u s i n g Bargman's H i l b e r t s p a c e 1151. I n o u r t r e a t m e n t we have used s c a l a r a s w e l l a s m a t r i x c o n t i n u e d f r a c t i o n methods and showed t h a t e x a c t n u m e r i c a l e i g e n s o l u t i o n s f o r t h i s system may be o b t a i n e d w i t h o u t t o o much e f f o r t and t h a t p r e v i o u s a n a l y t i c a l a p p r o x i m a t i o n s /11,12/ may b e r e d e r i v e d and improved i n a s y s t e m a t i c manner.
I1 -MODEL HAMILTONIAN AND NUMERICAL PROCEDURE
The t o t a l Hamiltonian o f o u r t h e o r e t i c a l model s y s t e m is g i v e n by Article published online by EDP Sciences and available at http://dx.doi.org/10.1051/jphyscol:1985750 A+ and A a r e c r e a t i o n and a n n i h i l a t i o n o p e r a t o r s , r e s p e c t i v e l y , f o r e l e c t r o n s a t s i t e n and B+ and B a r e Bose o p e r a t o r s f o r v i b r a t i o n a l q u a n t a o f a n o s c i l l a t o r l o c a l i z e d a t s i t e n. € " d e s c r i b e s t h e e n e r g y d i f f e r e n c e o f t h e e l e c t r o n between s i t e s 1 und 2 , T i t s t r a n s f e r m a t r i x e l e m e n t between t h e s e s i t e s , and g i s t h e c o u p l i n g s t r e n g t h between e l e c t r o n s and v i b r a t i o n s . A l l q u a n t i t i e s a r e measured i n u n i t s o f t h e v i b r a t i o n a l e n e r g y quantum.
The r e l a t i o n ~A;A, = 1 h o l d s , b e c a u s e we a r e c o n s i d e r i n g o n l y one e l e c t r o n e i t h e r one s i t e 1 o r n o n s i t e 2 . To s i m p l i f y t h e Hamiltonian we i n t r o d u c e new o p e r a t o r s f o r t h e v i b r a t i o n s 1
and f o r t h e e l e c t r o n s 1
It i s f u r t h e r m o r e c o n v e n i e n t t o e x p r e s s t h e Hamiltonian i n t e r m s of s p i n o p e r at o r s s a t i s f y i n g t h e u s u a l commutation r e l a t i o n s ( (
and b e i n g d e f i n e d by Y
With t h e s e t r a n s f o r m a t i o n s t h e Hamiltonian t h e n s p l i t s i n t o two p a r t s , H = H +H 1 2 ' w i t h H c o n t a i n i n g o n l y v i b r a t i o n a l d e g r e e s o f freedom, H1 = b i b 2 + G(b++b ) , and 1. 1 d e s c r i b i n g a d i s p l a c e d harmonic o s c i l l a t o r . The i n t e r e s t i n g p a r t H2 is g l v e n by (bEb2)
The c o n n e c t i o n s between t h e p a r a m e t e r s i n ( 1 1 . 5 ) and t h o s e i n ( 1 1 . 1 ) a r e g i v e n by (11.6) A and t h e t r a n s f o r m a t i o n ( 1 1 . 3 ) is d e t e r m i n e d by s i n 2 9 = 2T/€ ; c o s 2 8 = ~E / E .
( 1 1 . 7 )
The e i g e n v e c t o r s o f t h e t o t a l Hamiltonian f a c t o r i z e i n t o a p r o d u c t o f s t a t e vect o r s c o r r e s p o n d i n g t o HI and H2 and t h o s e o f H2 a r e r e p r e s e n t e d i n t e r m s o f e i g e ns t a t e s o f o Z by
The e x p a n s i o n c o e f f i c i e n t s x and X-depend on t h e v i b r a t i o n a l d e g r e e s o f freedom and a r e e x p r e s s e d by h a r m o n i l o s c i l l a t o r f u n c t i o n s
I n t r o d u c i n g t h e column v e c t o r s
t h e eigenvalue equation of H2 may be written i n t h e following form E i s t h e eigenvalue, I t h e 2-dimensional u n i t matrix, and we have used t h e notation 1161 :
Q, = 6 (~o~ + sox) , Q, = n I + cuZ, Q; = ( 0 0~ + sox) .
(11.12)
Introducing t h e t r a n s f e r matrices S; and Sn by "'n+l = S: "'n * "'n-1 = s,$Jn , (11.13)
we end up with t h e following homogeneous s e t of equations whose determinant has t o vanish i n order t o guarantee n o n -t r i v i a l eigensolutions:
To evaluate t h e determinant t h e t r a n s f e r matrices must be known. From ( I I . 1 1 , 1 3 ) we obtain r e c u r r e n t e r e l a t i o n s which allow t h e following continued f r a c t i o n r epresentation f o r Sm, S i :
Because of t h e physical s t r u c t u r e of our problem (existegce of a lowest energy eigenvalue) S i s a f i n i t e continued f r a c t i o n whereas Sm i s i n f i n i t e and has t o be approximat!d by breaking o f f (11.15) i n an appropriate manner. The eigenvalues a r e then calculated from (11.14) and t h e eigenvectors from (11.13).
I11 -RESULTS
To solve t h e eigenvalue problem of H (11.5) numerically 1171 we s t a r t e d from t h e homogeneous system of equations (11.g4) with a fixed index n = M. Via (11.12) M defines t h e matrices Q QM and Q; of dimension 2 , an$ it a l s o gives t h e s t a r t i n g point f o r t h e it-ratio!' procedure which determines S and S,,,. As mentioned i n sec. 11.. S i is a f i n i t e matrix continued f r a c t i o n which can be calculated whithout approximation (we confined M t o values ( 2 0 ) . S 1s an i n f i n i t e MCF which is approximated by a f i n i t e one of length K (by s e t t i n g s;+~ = 0 ) . The two i n t eg e r s K and M can be chosen f r e e l y . The value of K determines t h e accuracy of t h e c a l c u l a t i o n and t h e M value defines t h e "window" i n which t h i s numerical procedure allows t o determine t h e eigenvalues most e a s i l y . The l a t t e r a r e calculated from t h e condition
I n evaluating (11111) one has t o t a k e c a r e of some numerical f a c t s . For t h e calcul a t i o n of S+ and SM numerous matrix summations, m u l t i p l i c a t i o n s and inversions a r e M necessary. The multiplications and summations can be treated very accurately and rapidly by a computer. Matrix inversions, however, are more difficult to handle,because from a mathematical point of view a non-singular behaviour of the matrices is required. Nevertheless, if the values of these determinants are f 0 but very small, the numerical treatment must be controlled carefully to avoid computer overflow. These considerationsshow t h a t F(E) can be a s t r o n g l y f l u c t u a t i n g f u n c t i o n as can be seen i n f i g s . 1 and 2. I n t h e f i g u r e s t h e parameters&, A, D and K are t h e same. W e have M = 1 i n f i g . 1 and M = 10 i n f i g . 2. I n t h e behaviour o f F(E) d i f f e r e n t regions can be distinguished. I n one region, apart from some poles, F(E) i s a c o n t inous f u n c t i o n and t h e energy eigenvalues can be found e a s i l y from F(E) = 0. I n other regions F(E) behaves i n an i r r e g u l a r manner, poles and ordinary zeros cannot be separated. Comparing both f i g u r e s one sees t h a t t h e r e g i o n which i s favourable f o r t h e search o f energy eigenvalues i s s h i f t i n g w i t h M. With increasing values o f M a l l eigenvalues o f t h e system can be calculated. The accuracy of t h e method i n dependence o f K can be seen i n t a b l e 1 where t h e g r und s t a t e energy i s given. The energy value obtained f o r K= 10 coincides up t o lo-' w i t h t h e one determined f o r K = 20. Fig. 3 gives energy elgenvalues as a f u n c t i o n o f A using various approximation schemes.
I V -CONCLUDING REMARKS
W e have shown t h a t continued f r a c t i o n s allow t o determine numerically exact eigens o l u t i o n s i n a convenient manner f o r systems, which cannot be solved a n a l y t i c a l l y . A d d i t i o n a l r e s u l t s , e s p e c i a l l y t h e comparison w i t h a n a l y t i c approximations and eigensolutions f o r an e l e c t r o n i c t w o -l e v e l system coupled t o two v i b r a t i o n a l modes, have been obtained and are contained i n more d e t a i l e d p u b l i c a t i o n s 1181.
